Chapter 3

Valid inequalities

Consider the general integer linear programming problem from Chapter 1 and Chapter 2.

Zrp = max CTX (IP)
S.t. Ax<b
x€Z,

Denote the set of feasible solutions of (IP) as
X={xeZ |Ax < b}.

We saw in Chapter 2 that the convex hull of X is a polyhedron, meaning that it can be written (in
theory) as

conv(X) = {x > 0] Ax < b}.

If we knew A and b, then we could solve (IP) as a linear program and efficiently obtain an optimal
solution. However, we do not know the exact description A and b of conv(X) in general.

In Chapter 2 we saw that X can be described using different formulations, and that some
formulations are better than others. A related idea is that, once we are given a formulation P
of X, we can get “closer” to conv(X) using valid inequalities. Before formally defining valid
inequalities, Figure 3.1 gives a geometrical illustration of the idea. If we add a new constraint (in
green) to our original formulation (in blue), such that we cut off part of P without cutting off any
integer point of X, we can potentially get a better approximation of conv(X). Most commercial
and non-commercial solvers use branch-and-cut, an algorithm based on branch-and-bound where
at each node, instead of directly solving the formulation given by the LP relaxation of a model,
many inequalities (such as the green one in Figure 3.1) are added. In this way, one can obtain a
better formulation, potentially leading to better bounds, before branching.
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Chapter 3. Valid inequalities

Figure 3.1: Geometrical illustration of a valid inequality for conv(X).

Definition 16. An inequality n” x < ry is called valid inequality for a set X C R" if n x < my for
all x € X.

Note that in the definition above, X can be any set, either discrete or continuous. The follow-
ing observation will be useful for our purposes.

Observation 5. If an inequality is valid for an integer set of points X € Z", then it is also valid
for conv(X).

Obviously, if P = {x € R" | Ax < b}, then inequalities Ax < b are valid for P. The question
we would like to answer in this chapter is how to find further valid inequalities. We first start
with some precise examples and then we define how valid inequalities can be derived in general.
Then, we give algorithms to automate the process of generating valid inequalities, and finally we
introduce some ideas on how to find “good” valid inequalities. (This chapter uses many examples
and follows a similar structure to Chapters 8 and 9 of [3].)

3.1 First examples

Example 14 (Stable Set). Consider the stable set problem (2.24)-(2.26) for a graph G = (V, E)
with n = |V|. As a reminder, the stable set polytope is the convex hull of feasible solutions of
(2.24)-(2.26).

STAB(G) = conv{x € {0,1}" | x; + x; < 1, for all (i, j) € E}.
The LP-relaxation of model (2.24)-(2.26), called the edge relaxation, with set of feasible solutions
ESTAB(G) = {x€[0,11" | x; + x; < 1, for all (i, j) € E}.

In Section 2.3 we provided a different formulation for the stable set problem, the clique
relaxation, which was defined as

OSTAB(G) = {x € [0, 11V Z x; < 1, VO cligue of G). (3.1
i€eQ
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3.1. First examples

Actually, the clique inequalities

Z x; < 1, VO clique of G (3.2)
i€Q

are valid inequalities for S TAB(G). We can check Definition 16 for the integer points in S TAB(G).
Assume for a contradiction that ). x; < 1 is not satisfied for a certain clique Q. Then, there
exist at least to vertices i, j € Q with x; = x; = 1, but this would contradict inequality x; + x; < 1,
because since Q is a clique, there exists an edge (i, j) € E. By Observation 5, we know that the
cligue inequalities are valid for S TAB(G).

Another class of valid inequalities for S TAB(G) are the odd cycle inequalities. Consider a
cycle C C 'V of odd length, |C| = 2k + 1, where k > 1 is an integer. The odd cycle inequality for

C is defined as
Cl-1
Z X; < % (33)
ieC
The odd cycle inequalities are valid for the integer points in S TAB(G) because for every odd
cycle C we can at most select % vertices to be in the stable set.

Example 15 (Implications). Consider the set of binary points
X ={x€{0,1F | 3x; — 4x, + 2x3 — 34 + x5 < —2}

Clearly, if x, = x4 = 0, then the inequality defining X cannot be satisfied. This means that the
inequality x, + x4 > 1 is valid for X. We call this type of inequality implication inequality.

Example 16 (Knapsack). Consider the Knapsack set
X ={x€{0,1F | 3x; +4x3 + 2x3 + 3x4 + x5 < 5}

Clearly, x| and x, cannot be set to 1 at the same time, otherwise the inequality defining X would
not be satisfied. This means that the inequality x| + x, < 1 is valid for X.

In general, consider now a Knapsack constraint for n items, each of size a;,, i = 1,...,n and
capacity b

n

ax;<b 3.4
2

i=1
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Chapter 3. Valid inequalities

The Knapsack polytope is the convex hull of all binary points satisfing (3.4)

convix € {0, 1)" | Z a;x; < b).

i=1

Aset C C{1,...,n}is called a cover if and only if }cc a; > b. If, in addition, }cc\(j @i < b,
forall j € C, then C is called a minimal cover. For any cover C the cover inequality

> x<icl-1
ieC
is a valid inequality for the Knapsack polytope.

Example 17 (Matching). Consider the maximum cardinality matching problem for a graph
G = (V, E), introduced in Example 2.

max Z Xij (12)
(i.)eE

st Y <l VieV
(i, ))ed(i)
xi; €10,1) V(i,j) € E

Consider a subset of vertices T C 'V of odd cardinality, |T| = 2k + 1, where k > 1 is an integer.
Let E(T) = {(i, j) € E | i, ] € T} be the set of edges with both endpoints in T. Then, the odd set

inequality
T -1
T (35)
(@, )eE(T)
is valid for the convex hull of feasible solutions of (1.2). Indeed, since |T| is of odd cardinality, it
cannot be the case that all edges selected to be in the matching have both endpoints in T.

Example 18 (Integer Rounding). In this example we present a simple “trick” that will be gen-
eralized later. Consider the integer set X = P N Z* where

P ={xeR}|13x; +20x; + 11x3 + 6x4 > 72}.
Multiplying the inequality defining P by u, = ﬁ we obtain an inequality that is clearly valid
for P.

320 6 7
TRt T M1
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3.1. First examples

Moreover, since xy,...,xs = 0, we can round up the coefficients of the variables, and obtain

13 20 6 72
2x1 + 2% + X3+ x4 = H X1 + H Xy + [1]x3 + ﬁ X4ZH

Finally, for x = (xy, x5, x3, X4) € X, since both the variables and the coefficients are integer
numbers, and % = 6.5454..., inequality

72
2x1 + 2% + X3 + x4 > "ﬁ“ =7
holds, meaning that it is valid for X.

Example 19 (Mixed-integer Rounding). Consider a mixed-integer set

X*={(x,y eRYyxZ"|x+y=b,x>0)

where b ¢ 7. Below we illustrate X2° X= when b = 1.5.

(0,0) "\

AN

N\

Geometrically, it is easy to see that the green inequality below is a valid inequality which
provides a better formulation than only x+y > b. In addition, this inequality is easy to calculate,
one only has to compute the equation of the line going through points (0,[b1) and (b — | b], | b)).

(Point (0, [b]) is the intersection between x = 0 and y = [b], point (b—|b], | b)) is the intersection
between x +y =bandy = |b].)

Yy

0,1b1)
\

- mesQ
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Chapter 3. Valid inequalities

In this way, one obtains that inequality

x+ fy = flD]
with f = b — | b, is valid for X>.
Moreover; the inequality above can be extended to a mixed integer set with more than two
variables. Consider for example X=° X> = P N (Z* x R') where
P={(y,s) e R{, xR, | 13y, + 20y, + 11y + 6yy + 5 > 72}

Divide the constraint defining P by 11

13 N 20 . 6 N 1 . 72
TEERE TR TEAR TR TE
and round up the coefficients of the y variables. We obtain an inequality which is valid for P

2y1 + 2y + y3 + +1 >72
Y Y2 T Y3 T Ya 115_11.

_ _ 1 . . . 72 .
Set y = 2y, + 2y> + y3 + ys and x = ;5. We are in the setting above, with x +y > {3. In this
case,f:%—V—zJ:Q—6:E—®:£.

TN A [T VT
We know that inequality

X+ 6 > 6 7
11’1
is valid for X2° X=, hence
11
Fx+y27

is also valid, which in terms of the original variables, produces

1
2y1+2y2+y3+y4+65‘27.

3.2 Valid inequalities in general

In many cases, valid inequalities are constructed by using knowledge about a specific problem,
such odd cycles inequalitie for the stable set problem or odd set inequalities for the matching
problem. However, there also exist general procedures to generate valid inequalities, which can
be very useful when problem-specific knowledge is not available.

3.2.1 Valid inequalities for Linear Programs

Although we use valid inequalities to better solve integer programs, we are actually interested
in generating valid inequalities for polyhedra (for formulations). More precisely, given a set of
integer points X, and a (not ideal) formulation P for it, we want inequalities that are valid for
conv(X) while cutting off some points in P.
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3.2. Valid inequalities in general

Figure 3.2: Valid inequalities for conv(X) cutting off part of the blue formulation.

It is therefore useful to better understand the geometrical meaning of valid inequalities in the
context of linear programs.

Theorem 8. Let A € R™", b € R™. nlx < ny is valid for P = {x € R" | Ax < b, x > 0} # 0 if, and
only if, there exist u € RY such that u' A > 7’ and ub < m.

Proof. By linear programming duality, max{n’ x | x € P} < m, if, and only if, min{u’b | u’ A >
al,u>0} < my. ]

Let us look at the interpretation in the primal. Equation max{rn’x | x € P} < m is telling us
is that an inequality 7’ x < m is valid for P if, when optimizing over P in the direction of n’ x
we obtain a maximum which is at most my. Indeed, if the maximum was larger than 7, then the
inequality would not be valid for some points in P.

X =T JTI X = U

Figure 3.3: On the left, the optimal value over P in direction z” x is < m, so #” x < m is valid for
P. On the right, the optimal value over P in direction 7’ x is > p, so il x < uy is not valid for P.

3.2.2 Valid inequalities for general Integer Programs

In this section we describe a general procedure to construct valid inequalities for integer pro-
grams. Let us start with a similar trick as in Example 18.
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Chapter 3. Valid inequalities

Example 20. Let X = PN Z" where

P={(x;,x) € R*|7x; —2x, < 14
X2S3
2x —2x, <3

X1, X > 0}

We proceed in three steps.

Step 1. Combine the constraints (except the nonnegativity constraints) with nonnegative weights

u= (%, %, 0). We obtain inequality

b 12
M=o

which is valid for P (this inequality is implied by inequalities defining P).

Step 2. Since x1,x, > 0, we have that 2x; + Ox, = [2]x; + {éJ Xy < 2x1 + %xz. Hence,

121
2x1 + OXQ < j =5.7619...

is valid for P.

Step 3. Finally, since points in X are integer,

121
<|—71» =
2X1_\‘21| 5

is valid for points in X.

Note that the first two steps construct valid inequalities for the polyhedron P, while the last
step derives a valid inequality for the set of integer points X. It is this last step which provides
an inequality that potentially improves the formulation P for X.

This process can be iterated using inequality 2x; < 5. Indeed, using a weight of % for it we

obtain inequality x; < EJ = 2. The figure below illustrates polytope P in blue, and the valid
inequalities in green. Note that the inequality obtained in the second iteration is tigther than the

first one.
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3.2. Valid inequalities in general

=
1]
\S119)

The procedure above can be generalized to any formulation P for an integer set X using
the Chvéatal-Gomory procedure. Inequalities obtained with this procedure are called Chvdtal-
Gomory (CG) inequalities.

Chvatal-Gomory procedure to construct valid inequalities

Consider an integer set X = P N Z", where P = {x € R | Ax < b}, and Aisanm X n
matrix with columns Ay, ..., A,. Let u € R7,. Then,

(i) The inequality
Z(MTAj)xj <u'b
=1
is valid for P, because u > 0 and }/_; A;x; < b.

(i) The inequality
ZI_uTAijj <u'b

J=1

is valid for P, because x > 0.
(ii1) The inequality
Dl Ajlx; < Lu"b)

J=1

is valid for X, because x is integer so Z’}zl lu"A jlxj1s integer.

m
>0

Note that the big difficulty of the CG procedure lies in the selection of the multipliers u € R
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Chapter 3. Valid inequalities

and therefore also on selecting the constraints that one includes in the linear combination. Some
known tips to select u are have been summarized for example in [9]. First, it is a known result
that if we select all multipliers to be rational and 0 < u; < 1, we do not lose generality. Second,
any CG inequality can be generated using a vector u with at most min{m, n} strictly positive
coefficients. These tips imply that the coefficients of the CG inequality will be reasonably small
(if the original coeflicients are reasonably small).

Note also that when P is defined by Ax > b, then the procedure slightly changes. (Which
changes do you have to make in this case?)

Example 21 (Example 17 continued). Consider formulation P corresponding to model (1.2) of
the matching problem
P={xe[0,1]] > x;<1,VieV),
(i, j)ed(i)
We will see that the odd set inequalities can be obtained by applying the Chvdtal-Gomory
procedure. Consider a subset of vertices T C 'V of odd cardinality |T| = 3.

TI-1
Z Xij < | '2 (3.5)
(i, ))eE(T)
Step 1. Define u € R as follows
iy = 1 ifieT
0  otherwise

Take a nonnegative linear combination of the constraints defining P using multipliers u, pro-

viding the valid inequality for P
1 IT|
Z xij+§ Z )Cl'jS?
(i, )eE(T) (@, j)es(T)

where E(T) = {(i,j) € E | i,j € T} is the set of edges with both endpoints in T and 5(T) =
{G,))e E|ieT,j¢ T}isthe set of edges with exactly one endpoint in T.
Step 2. Round down the coefficients of the left-hand-side, resulting in

7|
Z Xij < 7
(i, ))eE(T)
which is a valid inequality for P.
Step 3. Since all variables x;; are integer (when viewed as variables in X = PNZIE), 22, )eE(T) Xij
must also be integer, hence
e {EJ _m-1
Y2 2

(i.))EET)

is a valid inequality for X = P N ZF,
Note that [@J = % because |T| is of odd cardinality. For sets T of even cardinality, the
procedure has no effect, because it would provide a trivial inequality.
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3.2. Valid inequalities in general

The interesting (and rather surprising fact) is that every valid inequality can be obtained by
iteratively applying the Chvétal-Gomory procedure a finite number of times. This is even more
interesting when considering that there are infinitely many valid inequalities as illustrated in
Figure 3.4

Figure 3.4: There are infinitely many possible valid inequalities (only a few here...).

Theorem 9. Every valid inequality for X = P N Z", where P = {x € R}, | Ax < b}, can be
obtained by applying the Chvdtal-Gomory procedure a finite number of times.

The theorem above motivates the following definition.

Definition 17. The Chvatal rank of a valid inequality n” x < 7o for X = PN Z", where P = {x €
RY, | Ax < b}, is the minimum number of iterations of the Chvdtal-Gomory procedure required
to obtain ' x < m,.

Since a Chvital-Gomory inequality [u"Alx < [u"b] with u € RZ is valid for X = {x €

Z! | Ax < b}, by Observation 5, it is also valid for P; = conv(X). This means that P, C PN {x €
RZ, | Lu"Alx < [u"b])

Definition 18. Ler P = {x € R}, | Ax < b}. The set
P=PnN ﬂ{x e R | LuAlx < Lu” b))

u>0
is called the Chviétal closure of P.
Theorem 10. The Chvdtal closure P of a polyhedron P is again a polyhedron.

The theorem above is not obvious because P’ is defined by infinitely many inequalities. More
precisely, while the set of inequalities in the intersection is infinite, a finite number of these
inequalities is sufficient to describe P’ (Schrijver 1980). Since P’ is a polyhedron, this means
that we can again compute the Chvétal closure of P’, and obtain a new polyhedron, and so on.
This leads to a sequence of polyhedra

PY:=p
PO = (PDY fori > 1
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Chapter 3. Valid inequalities

such that
P=PO>phop®5pdo5...5ph_p,

Definition 19. The Chvital rank of a polyhedron P is the smallest k such that P = P;.
It is a known fact that the Chvatal rank of a polyhedron is always finite.

Example 22 (Example 21 continued). Consider the macthing polytope

P={xe[0,11"] > x;<1,VieV),
(i, ))es (D)

Example 21 shows that the odd set inequalities

T -1
Z % < '2 VT C V of odd cardinality |T| > 3 (3.5)

ecE(T)

have Chvdtal rank 1. Moreover, it can be shown that
P=P ={xel0,1]%] > x;<1,VieV
(i,))eo(i)

T) -1
Z x < '2 VT C V of odd cardinality |T| > 3}
ecE(T)

hence polytope P has Chvdtal rank 1.

3.3 Automatic generation of valid inequalities

In the previous sections we have seen how to generate families of inequalities, either by using
properties of the problem or by generating them with the Chvatal-Gomory procedure. However,
many of the previously presented families of valid inequalities have exponential size. Consider
for example the family of clique inequalities for the stable set polytope

in <1, forallQCV
i€Q

We have exponentially many of them, because we have one inequality for each clique Q C V, and
there are potentially exponentially many cliques in a given graph G. In this section we explain
how to actually use valid inequalities in practice, even for families of exponetial size.

Moreover, depending on the objective function, we might not actually care about some of the
inequalities, for example in Figure 3.5, the orange inequalities are less interesting than the green
inequalities considering our objecive function. Indeed, for the integral optimum of this problem,
all orange inequalities are automatically satisfied.
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3.3. Automatic generation of valid inequalities

Figure 3.5: Which valid inequalities are actually interesting?

This idea of generating only “useful” inequalities inspired the idea of automatic reformula-
tion or cutting plane algorithms. We present it here as in [3].

3.3.1 A general cutting plane algorithm

First, we need the following definition.

Definition 20. 7he separation problem associated with a polytope P C R" and a point X € R" is
to decide whether X € P or to provide an inequality nx < ny satisfied by all points x € P but such
that nx > .

=i

Figure 3.6: If X is not in the polytope P defined by the blue inequalities, then the green inequality
separates X from P.

In our context, we use separation problems as follows. Look for example at Figure 3.5. Let X
be an optimal solution obtained when optimizing the red function ¢’ x over the blue formulation.
Assume that we know a family of valid inequalities # (like the green ones). We would like
to know whether one of the inequalities in ¥ is such that 7x < 7 is satisfied for all points
x € conv(X), but such that rx > m,. If such an inequality exists, then we can add it to our original
(blue) formulation, and obtain a smaller formulation. As mentioned above, this is particularly
interesting when the family of inequalities ¥ contains exponentially many inequalities.

The following algorithm, called the cutting plane algorithm, formalizes this idea of generat-
ing only “interesting” inequalities. The input of the algorithm is a formulation P of a set X C Z",

and a family of valid inequalities F .
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Cutting plane algorithm
e Initialization. Sett = 0 and P’ = P.
e [teration t. Solve the LP
7' = max{cx | x € P"}

and let x’ be the corresponding optimal solution.

— If x' € Z", then stop. x’ is an optimal integral solution.
— If x' ¢ Z", then solve the separation problem for x', conv(X) and family ¥ .

— If the separation problem returns an inequality from ¥ such that 7'x" > 7{;, then it
cuts off x. In this case, set P*! = P'n{x|n'x < m,} and increment ¢. Otherwise,
stop.

If the algorithm terminates without finding an integral solution for IP, then
P’:Pﬂ{xlﬂiXSJTé,, i=1,...,1

is a better (or equal) formulation than P and can, for example, be given as an initial improved
formulation for a branch-and-bound algorithm. The branch-and-cut algorithm is a branch-and-
bound algorithm where a cutting plane procedure is integrated at each node.

Figure 3.7 illustrates the cutting plane algorithm.

Figure 3.7: Cutting plane algorithm (points x> and x> have been updated for the illustration to be
completely accurate (previously they were not optimal w.r.t ¢).

As a final remark, note that the cutting plane algorithm heavily relies on knowing how to
solve the separation problem for a family of valid inequalities . This is in general not a trivial
task, and the separation problem can even be NP-hard. We will discuss separation problems later
in this chapter, for now we only give an example.
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3.3. Automatic generation of valid inequalities

Example 23 (Example 22). Let G = (V,E) be a graph. The maximum weight matching is a
generalization of the maximum cardinality matching problem, where we associate nonnegative
weights wj; to every edge (i, j) € E and we want to maximize the total weight of the matching.

max Z W;;Xij (36)
@, )EE

5. 1. Z X <1 ieV (3.7)
(i, /)€o(d)
xi; €1{0,1) (i,j) e E (3.8)

(The maximum cardinality matching problem is a particular case where w;; = 1 for all (i, j) € E.)
We will illustrate the cutting plane algorithm on the following graph using the family of odd
set inequalities

T|-1
Xjj < | |2 YT C V of odd cardinality |T| > 3. (3.5)

(6. )EE(T)

Let P° be the formulation corresponding to model (3.6)-(3.8)

P =(xe (0,11 > x;<1, Viev),
(i, ))es(i)

Iteration 0

e Solve the LP
ZO = max{ Z W;jXij | X € PO}

(i, )eE
which returns an optimal solution
11111 11111
O— __________
x _(272’2, 2’ 270’0,070’0’2’272’2’2)
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with value 7° = 15. (The first five coordinates correspond to the “outer cycle” of the exam-
ple x12, X23, X34, X435, X15, the last five coordinates to the “inner cycle” Xg3, X3.105 X10,7> X79, Xo6
and and the coordinates in the middle represent the remaining edges.)

o The separation problem over the family  of odd set inequalities returns for example
7l x = Xpp + Xo3 + X3a + Xus + X15 < 2 = 7
which cuts off x° (indeed, x(l)2 + x(2)3 + xg4 + xgs + x(l)s =25>2)
o Set P' = PPN {x| X120 + X3 + X34 + Xus5 + X15 < 2).
Iteration 1

e Solve the LP

Zl = max{ Z W;jXij | X € Pl}
(i.)eE

which has optimal solution
x! :(1,0,1,0,0,0,0,0,0,0, _____ )

with value 7' = 13.5.
o The separation problem over the family F of odd set inequalities returns
X = xeg + Xg.10 + X107 + X79 + X96 < 2 =1
which cuts off x'.
o Set P> = P! N {x| xeg + X310 + X107 + X79 + Xog < 2}.
Iteration 2

e Solve the LP
Zz = max{ Z W;jXij | x € P2}
(i, ))EE

which has optimal solution
x*=(1,0,1,0,0,1,0,0,0,0,1,0,0, 1,0)

with value 7> = 13 and is an optimal integral solution selecting M = {x13, X34, X5.10» X638, X97}
and the algorithm terminates.
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3.3. Automatic generation of valid inequalities

3.3.2 A particular implementation: Gomory’s fractional cutting plane al-
gorithm

In this section we give a particular implementation of the generic cutting plane algorithm de-
scribed above, which is based on the simplex algorithm.
Consider the integer program

max ¢’ x (IP-Gomory)
s.t. Ax=0>
x>0
xeZzZ"

where A € R™", b € R" and ¢ € R". Remember that any integer program can be brought
to the form (IP-Gomory) by adding slack or surplus variables to inequality constraints and by
splitting a variable into two variables representing its negative and positive parts if its domain is
not originally restricted to be x > 0.

The idea is to first solve the LP-relaxation of (IP-Gomory) with the simplex algorithm. Let
x* be an optimal solution of the LP-relaxation associated with a basis B. Rewrite the vector of
variables as x = (xp, xn), where xp are the basic variables and x» the non-basic variables. If x*
is fractional, this necessarily means that there exists at least one basic variable taking fractional
value. Then, we can generate a Chvatal-Gomory inequality using the constraint associated with
this fractional basic variable. Let A = (B, N) be the matrix of constraint coefficients, where B are
the columns associated with the basic variables and N the columns associated with the non-basic
variables. Let ¢ = (cp, cy) be the vector of coefficients, where cp are the coefficients associated
with the basic variables and cy, the coefficients associated with the non-basic variables.

We can rewrite (IP-Gomory) using the notation of the Tableau form in the simplex algorithm

as
max chpB'b +(ck — cEB ' N)xy (IP-Gomory)
s. t. X +B'Nxy =B'b
x>0
xeZ"

Using the notation z = ¢;B~'b, for the value of the current solution, ¢%, = ¢k —cEB™'N for the
reduced costs, b = B~'b for the value of the basic variables and Ay = B~'N for the coefficients of
the non-basic variables in the constraints, and writing each constraint separately, we can rewrite
the problem as

max Z+ Zéjxj (IP-Gomory)
JEN
S-t-xB,-+Zaijxj:Ei i=1,...,m
JEN
x>0
xeZ"
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If the optimal solution of the LP is not integral, this means that one of the basic variables x3,
is fractional, which means that for one of the rows, b; must be fractional and non-negative.
Take the corresponding row and apply

xp, + ) laylx; < b (3.9)

jeN

This is a Chvétal-Gomory inequality using multipliers #; = 1 and u;, = 0 for rows k # i, therefore
it is valid for (IP-Gomory).

Moreover, it cuts off the optimal LP solution x*. Indeed, since (3.9) is valid and xp, +
Y jen @ijx; = b; is part of the constraints, if the solution x* is not cut off, it should satisfy both
constraints and therefore their sum. However, their sum is

Z(aij —laijDx; > (b; — |bi)

JEN

which is not satisfied because by x* because all non-basic variables x take value zero and b; —
Lb;] > 0 by definition, because b; is fractional and non-negative.

Observation 6. Gomory’s fractional cutting plane algorithm is nowadays implemented in most
solvers (despite many backs and forths in the discussion of its usefulness, see for example [10]).
When trying to solve a problem using cutting planes, there is a trade-off to be taken into account.
On one hand, Gomory’s fractional cutting plane algorithm strengthens the formulations very
much, but on the other hand it can be time consuming to generate the inequalities and also
to solve large LPs with many inequalities. This is a typical trade-off that one has to consider
when working with algorithms involving cutting planes, such as branch-and-cut. An appropriate
balance is usually found out experimentally.

3.4 Which valid inequalities are better?

In the previous sections of this chapter we have discussed how to define valid inequalities and
how to use them in order to generate only the most useful ones for our objective function in
the context of cutting plane algorithms. In this section we want to give some hints towards
which valid inequalities are “better”. Although there are many ways one could approach this
question and several properties one can consider to define good inequalities, we focus here on two
aspects, first, on the difficulty to solve the separation problem for a given family of inequalities,
and secondly on whether the inequalities are necessary to the description of our feasible integer
points or not.

3.4.1 Solving the separation problem

The separation problem has to be solved many times in a cutting plane algorithm (and even
more times if cutting planes are embeded in a branch-and-cut algorithm). Therefore, it is of best
interest to have separation problems that can be solved fast. Corresponding algorithms are called
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separation algorithms. Having fast separation algorithms becomes crucial when considering a
family F of exponentially many inequalities. Moreover, the separation problem can sometimes
be NP-hard itself, in which case heuristic approaches can be useful. Separation algorithms are a
very wide and important topic in itself. In our context we only examine an example for the stable
set problem.

Example 24 (Stable Set problem: separating odd cycle inequalities). Consider the Stable Set
problem on a graph G = (V, E). In Example 14 we introduced the odd cycle inequalities. As a
reminder, the odd cycle inequality associated to a cycle C (of odd length) is

Z x; < |C|2— ! (3.3)

ieC

and is valid for STAB(G) = conv{x € {0, 1} | x; + x; <1, VY@, j) € E}.
Imagine now that we have solved the LP

max Z X;

1%

s.t. x€ ESTAB(G)

and that we have obtained a fractional optimal solution x*. The key question that we want to
answer in this example is: How do we solve the separation problem? That is, how do we find an
inequality (3.3) that actually cuts off point x* or show that such an inequality does not exist?

A natural idea is to enumerate all possible odd cycles C in G and test the corresponding odd
cycle inequality on x*. If we find an odd cycle inequality that is not satisfied by x*, then we have
found our valid inequality. If for all C the odd cycle inequalities are satisfied, than we can assert
that no separating inequality exists in this family.

Pure cycle enumeration is not a good idea in practice, because we potentially have many
inequalities to test. However, for odd cyle inequalities, there exists a polynomial time separation
algorithm which is based on the shortest path problem. Summarizing, given x* as an input, we
want to

e cither find an odd cycle C such that

ieC

e or show that for all odd cycle C the following inequality holds

St

ieC

This defines a whole new optimization problem: “Find a graph C = (V(C), E(C)) with
vertex set V(C) = {vy,...,vu41} Of odd cardinality and edge set E(C) = {(vj,vi11) | Vi =
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1,...,2k} U {(v1,03:1)} and such that the value ¥c x; — 'St is maximized”. Equivalently
{C: Od(?g‘lc)lie inG ; Y 2 (3 1 0)

Note that now the unknown of our problem is C, while the x: are constants. Once we have
computed the optimal solution C°?" of (3.10),

. . opt|_1
e if the optimal value }ccop X; — I 2'

returns the inequality corresponding to C°,

is strictly positive, then the separation algorithm

e clse, no such inequality exists (all odd cycle inequalities are satisfied by x*).

To rewrite our problem as a shortest path problem, we need to rewrite our problem as a
minimization problem and define weights for the edges of C. Problem (3.10) can be written as

| 1 1 .
{C: Uddni}a’gl(e inGZC: (Xi - E) - E} B 5 {C: Udzl}rz‘)azgl(g in(}; (2)61- - 1) + 1}

i€

which is equivalent to

1 . .
_5 {C:odtgrc})lrgeinG;(l —le-)— 1} (311)

We already have the problem written on minimization form, but the objective function associates
weights to vertices (to vertex i we associate weight 1 — 2x7).
For this, we rewrite the objective function based on the observation that, on a cycle C,

Z(l -2x]) = Z (1 —xf—x’;),
ieC (i,/))eE(C) '

because the weight of each vertex i € C can be distributed half and half to both its adjacent edges
in the cycle.
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In this way, we have assigned lengths l;; = 1 — x} — X5 to the edges, and we want to find a shortest
path with respect to [;;.

The last step consists in making sure that the edges that we select for our shortest path form
an odd cycle. For this, the shortest path will not directly be computed in G, but on an auxiliary
graph G’ constructed as follows. Let G' = (V| U V,, E") where V| are the original vertices, that
we denote by i, and V, is a copy of the original vertices, that we denote by i’. If (i, j) is an edge
in the original set of edges E, we construct a pair of edges (i, j') and (i, j) in G’ as illustrated

below.
OB G,
G W)

The length of edges (i, j') and (i’, j) will be l;;. For each i € V, compute the shortest path in G’
fromito i, and select the shortest among all these paths. This can be computed in polynomial
time and returns the shortest odd cycle in G, because since G’ is bipartite, going from a vertex
in Vy to its copy in V, requires an odd number of edges.

This shortest cycle is the optimal solution of (3.11). If its length is > 1, then all odd cycle
inequalities are satisfied, else (if length < 1) the corresponding inequality is not satisfied and is
returned by the separation algorithm.

3.4.2 Strength of valid inequalities

In this section we try to assess the quality of valid inequalities in terms of their “strength”. We
will formalize the idea of strength during the section.

Note first that inequalities 77 x < 7y and An” x < Am, are identical for any A > 0.
Definition 21. Given two valid inequalities for P C RZ,, alx < mo and u'x < po, we say that

nlx < my dominates u’x < g if there exists a A > 0 such that 1 > Ay and my < Auo, and
(ﬂ’ 71'0) * (/l“a /1#0)

Observe that if 7 x < 7y dominates " x < po, then {x € R | n"x < 7o} C{x e RL | pu"x <
Ho}-

Definition 22. A valid inequality n” x < r¢ is redundant in the description of P C RY,, if there

exist k > 1 valid inequalities ' T x < ﬂf), i=1,...,kfor Pand weights u; > 0,i=1,...,k such
that (Zle u;m T) x<Yh, u;ntly dominates i’ x < .
Observe that {x € R | 7' Tx <, fori = 1,....k} S {x € Riy | (Xh u' T)x < T, wimh} €

{xeRy| 1’ x < po). (Observe also that in the terminology of the exercises of Chapter 2 we said

that (Zé‘:l i T) x< Y, ;i was implied by 7' "x < 7 fori = 1,...,k.)
With these definitions, we can make our objective more precise: we would like to find de-
scriptions of integer sets and polyhedra that do not contain redundant inequalities, or in other

words, descriptions that contain only the necessary inequalities.
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Example 25. Consider P = {x € Ri | 6x1 — x5 <9, 9x; — Sx; < 6}. Inequality 5x; —2x, < 6 is
valid for P, but it is redundant (take multipliers u = % for both constraints defining P).

Example 26 (Stable Set). Consider the stable set problem on a complete graph G with 5 vertices.
Inequality x| +x,+x3+2x4+2x5 < 4 is valid for S TAB(G), but redundant, because it is dominated
by the odd cycle inequality x| + x; + X3 + X4 + X5 < 2 and the edge inequality x, + x5 < 1 (with
both multipliers u = 1). (Update: with a rhs of 3, as in the first version, dominance condition
(, ) # (Au, Auy) not satisfied.)

Remember that our objective is to find a best possible description of conv(X) of an integer set
X, avoiding the use of redundant inequalities. However, since conv(X) is not known in general, it
might be very difficult to check whether an inequality is redundant. In practice, if a formulation
P for X is known, we will avoid to add inequalities to P which are dominated by already existing
inequalities, which is much easier to check.

In order to better understand which inequalities are redundant and which are necessary, we
introduce some definitions and results in linear algebra and polyhedral theory.

Definition 23. A set of points x',. .., x*

Sk Ax =0is; =0, fori=1,....,k

€ R” is linearly independent if the unique solution of

Remember that the maximum number of linearly independent points in R" is n.

Definition 24. An affine combination of points x', ..., x* € R" is a linear combination Zf-‘zl Aixt
with Y5 2, = 1.

Note that a convex combination (Definition 9) of points x!, ..., x¥ € R”, is an affine combi-
nation with the additional requirement that 4; > O fori = 1,... k.

Definition 25. A set of points x',...,x* € R" is affinely independent if the unique solution of

Sk Ax =0and Y5, 4, =0is A, =0, fori=1,...,k

Remember that the maximum number of affinely independent points in R" is n + 1.
Note that linear independence implies affine independence but the converse is not true. The
following lemma is useful to check affine independence.

Lemma 1. The following statements are equivalent
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1. x',...,x* € R" are affinely independent.

2. x> =x',...,x* = x' € R" are linearly independent.

3. (L), .., (x5 1) € R are linearly independent.

Definition 26. The dimension of a polyhedron P, denoted by dim(P), is the maximum number of
affinely independent points in P, minus one.

By convention, we set dim(0) = —1. A polyhedron P C R”" is called full-dimensional if
dim(P) = n, or equivalently, if it contains n + 1 affinely independent points. Note that full-
dimensional polyhedra have the property that there is no equation ax = b satisfied at equality by
all points x € P. Considering full-dimensional polyhedra simplifies the notions presented here
because of the following result.

Theorem 11. If P is a full-dimensional polyhedron, then it has a unique minimal description
P={xeR"|ax<b; fori=1,...,m)

where each inequality is unique (except for positive multiples), and where minimal means that
every inequality is necessary, that is, if for some i the corresponding inequality is removed, then
the resulting set is no longer P.

Therefore, for the sake of simplicity, from now on we limit ourselves to full-dimensional
polyhedra P C R".

Definition 27. A set F C P, F-# is a face of P if there exists a valid inequality n” x < my for P
suchthat F = {x € P|n"x = my).

If F is a face of P with F = {x € P | nlx = my), the valid inequality n" x < my is said to
represent F.

Note that a face F is itself a polyhedron, and therefore it has a dimension.

The face F = @ (of dimension —1) and the face F' = P (corresponding to the valid inequality
07 x < 0) are called trivial faces, while all other faces (with dimensions between 0 and dim(P)—1)
are called proper or non-trivial faces.

Observation 7. Let Fy, F, be non-empty faces a polyhedron P C R"

F, :{XEP|7T1)C:7T(1)}

FZ:{xePlﬂzx:ﬂé}
If F\ C F; (that is if F\ is a proper face of the polyhedron F»), then dim(F) < dim(F»).
Definition 28. F is a facet of P if it is a face of P and it has dimension dim(F) = dim(P) — 1.

This means that for full-dimensional polyhedra, a valid inequality 7 x < 7, defines a facet of
P if, and only if, there are n affinely independent points of P satisfying it at equality. Note also
that a face F is a facet if, and only if, it is not contained in any other face F' # P.
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Theorem 12. If P is full-dimensional, a valid inequality n” x < ny is necessary in the description
of P if, and only if, it defines a facet.

The theorem above tells us that the inequalities that describe facets are the ones that we are
looking for, because they are not redundant in the description of conv(X).
We will illustrate the concepts above on two examples.

Example 27. Geometrical illustration of faces and facets. Consider the polyhedron P C R?
defined by inequalities
X1 <2

X1+ xx<4
Xy +2x, <10
X1 +2x <6
X1+ xp =2
X1 >0

x>0

In the illustration of P below, it is clear that only inequalities x; < 2, x;+2x, < 6, x;+x, > 2,
and x, > 0 are necessary in the description of P.

X2
X1 +2k =6

X1 + 2.\'3 =10

X1 = 0
\ X1+ X2 = 4

P
X1 = 2
X|+x=2
Xy = 0 X1

More formally, P is full-dimensional because the points (2,0), (1,1) and (2,2) are contained in
P and are affinely independent.

e x; < 2 defines a facet of P because it contains (2,0) and (2,2), which are two affinely
independent points satisfying x| < 2 at equality.

e x| +2x, < 6defines a facet of P because it contains (0, 3) and (2, 2), which are two affinely
independent points satisfying x| < 2 at equality.

o The same reasoning can be applied to the other facet-defining inequalities.
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e x| + X < 4 defines a face consisting of a single point of P, point (2,2), therefore it is
redundant. An alternative reasoning is that inequalities x; < 2 and x; + 2x, < 6 with
weights u = (%, %) dominate x1 + x, < 4.

e The same reasoning can be applied to the other redundant inequalities.

Example 28. Stable Set problem. This example will be completed at the end of the lectures. (In
class exercise.)
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